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ON THE TANGENT CONE OF K ¨AHLER MANIFOLDS WITH RICCI
CURVATURE LOWER BOUND
GANG LIU
Abstract. Let X be the Gromov-Hausdorff limit of a sequence of pointed complete Ka¨hler
manifolds (Mni , pi) satisfying Ric(Mi) ≥ −(n−1) and the volume is noncollapsed. We prove
that, there exists a Lie group isomorphic to R, acting isometrically, on the tangent cone at
each point of X. Moreover, the action is locally free on the cross section. This generalizes
the metric cone theorem of Cheeger-Colding to the Ka¨hler case. We also discuss some
applications to complete Ka¨hler manifolds with nonnegative bisectional curvature.
1. Introduction
In [2], Cheeger and Colding proved the important metric cone theorem:
Theorem 1. [Cheeger-Colding] Let (X, p∞) be the Gromov-Hausdorff limit of a sequence
of pointed complete Riemannian manifolds (Mmi , pi) with Ric(Mi) ≥ −(m − 1) and noncol-
lapsed volume. Consider a point q ∈ X and a tangent cone (Xq, q). Then there exists a
compact metric length space Σ so that (Xq, q) is isometric to the warped product Σ ×r2 R+.
This theorem implies for complete manifolds, with nonnegative Ricci curvature and
maximal volume growth, all tangent cones at infinity are metric cones. Also, the ideas
behind the proof resolve many important problems: e.g., splitting theorem for Gromov-
Hausdorff limit X, where Mni → X, RicMi ≥ −ǫi and ǫi → 0. See also [3][4][5] for further
developments.
Theorem 1 says Xq, as a metric space, has a symmetry from the radial direction. Thus we
can reduce the geometry to the cross section. In this paper, we are interested in generalizing
theorem 1 to Ka¨hler manifolds. We wonder whether there are extra symmetries for Xq.
Observe that if Xq is smooth (Ka¨hler) apart from the vertex, the cross section is a Sasakian
manifold [21]. Thus, it has an additional symmetry induced by the reeb vector field.
In this paper, we only assume the Ricci curvature lower bound and noncollapsed vol-
ume. In this case, it was proved in [6] that the any tangent cone splits off even dimensional
Euclidean factor. The main result in this paper is the following:
Theorem 2. Let (X, p∞) be the Gromov-Hausdorff limit of a sequence of pointed complete
Ka¨hler manifolds (Mni , pi) with Ric(Mi) ≥ −(n − 1) and noncollapsed volume. Consider
a point q ∈ X and a tangent cone (Xq, q) = Σ ×r2 R+. Then there exists a Lie group σt,
isomorphic to R, acting isometrically and locally freely on Σ. Obviously, we can extend
the isometry σt to (Xq, q) which preserves the vertex q.
Remark. This theorem is trivial when the Ricci curvature is bounded from two sides. The
original motivation of theorem 2 is to prove a conjecture of Yau which states that the ring of
polynomial growth holomorphic functions is finitely generated, provided the manifold has
nonnegative bisectional curvature. By using proposition 5, in some sense, we can reduce
the problem to the cross section. This could be further reduced by proposition 6.
The author was partially supported by NSF grant DMS 1406593.
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Remark. By taking the closure of σt in the isometry group of (Xq, q), we obtain an effective
torus group acting isometrically on (Xq, q).
Corollary 1. Let (X, p∞) be a tangent cone at infinity of a complete Ka¨hler manifold
(Mn, p), with Ric ≥ 0 and noncollapsed volume. Then there is an effective torus isometry
group acting on (X, p∞) which commutes with the homothety map induced by ∇r2, where
r(x) = d(x, p∞).
In [10], Cheeger and Tian considered Ka¨hler Ricci flat metric with Euclidean volume
growth and quadratic curvature decay. In that case, the tangent cone at infinity is Ka¨hler
apart from the vertex. They looked at the flow generated by r ∂
∂r
and J(r ∂
∂r
) = ∂
∂θ
on the
tangent cone. Here r is the distance to the vertex. This is a ˜C∗ action, where ˜C∗ is the
universal cover of C∗ = C\{0}. Corollary 1 says we still have this action, provided the
Ka¨hler manifold has nonnegative Ricci curvature and maximal volume growth.
Next we discuss applications to complete Ka¨hler manifolds with nonnegative bisec-
tional curvature and maximal volume growth. Let {Od(M)} be the ring of holomorphic
functions with polynomial growth on M. We prove that these functions are all homoge-
nous at infinity. We also study the behavior of these functions under the action of σt. As
a corollary, the dimension of the orders of {Od(M)} over Q, is no greater than, the dimen-
sion of the isometry group of Σ. In particular, if the dimension of isometry group is 1 on
the cross section, then the orders of holomorphic functions with polynomial growth are
rationally related.
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2. Preliminary results
In this section, we collect some basic definitions and results required in the proof. Let
(Mni , yi, ρi) be a sequence of pointed complete Riemannian manifolds, where yi ∈ Mni and
ρi is the metric on Mni . By Gromov’s compactness theorem, if (Mni , yi, ρi) have a uniform
lower bound of the Ricci curvature, then a subsequence converges to some (M∞, y∞, ρ∞)
in the Gromov-Hausdorff topology. See [14] for the definition and basic properties of
Gromov-Hausdorff convergence.
Definition. Let Ki ⊂ Mni → K∞ ⊂ M∞ in the Gromov-Hausdorff topology. Assume { fi}∞i=1
are functions on Mni , f∞ is a function on M∞. Φi are ǫi-Gromov-Hausdorff approximations,
lim
i→∞
ǫi = 0. If fi ◦Φi converges to f∞ uniformly, we say fi → f∞ uniformly over Ki → K∞.
In many applications, fi are equicontinuous. The Arzela-Ascoli theorem applies to the
case when the spaces are different. When (Mni , yi, ρi) → (M∞, y∞, ρ∞) in the Gromov-
Hausdorff topology, any bounded, equicontinuous sequence of functions fi has a subse-
quence converging uniformly to some f∞ on M∞.
Let the complete pointed metric space (Mm∞, y) be the Gromov-Hausdorff limit of a
sequence of connected pointed Riemannian manifolds, {(Mni , pi)}, with Ric(Mi) ≥ 0. Here
Mm∞ has Haudorff dimension m with m ≤ n. A tangent cone at y ∈ Mm∞ is a complete
pointed Gromov-Hausdorff limit ((M∞)y, d∞, y∞) of {(M∞, r−1i d, y)}, where d, d∞ are the
metrics of M∞, (M∞)y respectively, {ri} is a positive sequence converging to 0.
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Definition. A point y ∈ M∞ is called regular, if there exists some k so that every tangent
cone at y is isometric to Rk. A point is called singular, if it is not regular.
Theorem 3 (Theorem 2.1, [3]). Regular points are dense on M∞.
Let Mn be a complete Riemannian manifold with nonnegative curvature, p ∈ M. The
tangent cone at infinity is the Gromov-Hausdorff limit of (Mi, pi, gi) = (M, p, r−2i g), for
ri → ∞. We say M is of maximal volume growth (Euclidean volume growth), if lim
r→∞
Vol(B(p,r))
rn
>
0. A sequence of pointed manifolds (Mi, pi) with Ric(Mi) ≥ −(n−1) has noncollapsed vol-
ume, if there exists v > 0 so that vol(B(pi, 1)) > v for all i.
For a Lipschitz function f on M∞, define a norm || f ||21,2 = || f ||2L2 +
∫
M∞
|Lip f |2, where
Lip( f , x) = lim sup
y→x
| f (y) − f (x)|
d(x, y) .
In [7], a Sobolev space H1,2 is defined by taking the closure of the norm || · ||1,2 for Lipschitz
functions.
Condition (1): M∞ satisfies the volume doubling property if for any r > 0, x ∈ M∞,
ν∞(B(x, 2r)) ≤ 2nν∞(B(x, r)).
Condition (2): M∞ satisfies the weak Poincare inequality if∫
B(x,r)
| f − f |2 ≤ C(n)r2
∫
B(x,2r)
|Lip f |2
for all Lipschitz functions. Here f is the average of f on B(x, r).
In theorem 6.7 of [5], it was proved that if M∞ satisfies the ν-rectifiability condition,
condition (1) and condition (2), then there is a unique differential d f for f ∈ H1,2. If
f is Lipschitz,
∫
|Lip f |2 =
∫
|d f |2. Moreover, the H1,2 norm becomes an inner product.
Therefore H1,2 is a Hilbert space. Then there exists a unique self-adjoint operator ∆ on M∞
such that ∫
M∞
< d f , dg >=
∫
M∞
< ∆ f , g >
for all Lipschitz functions on M∞ with compact support (Of course we can extend the
functions to Sobolev spaces). See theorem 6.25 of [5].
If Mi → M∞ in the measured Gromov-Hausdorff sense and that the Ricci curvature is
nonnegative for all Mi, then the ν-rectifiability of M∞ was proved in theorem 5.5 in [5]. By
the volume comparison, Condition (1) obviously holds for M∞. Condition (2) also holds.
See [22] for a proof.
In [12][22], the following lemma was proved:
Lemma 1. Suppose Mi has nonnegative Ricci curvature and Mi → M∞ in the measured
Gromov-Hausdorff sense. Let fi be Lipschitz functions on B(xi, 2r) ⊂ Mi satisfying ∆ fi =
0; | fi| ≤ L, |∇ fi| ≤ L for some constant L. Assume xi → x∞, fi → f∞ on M∞. Then ∆ f∞ = 0
on B(x∞, r).
3. Proof of the main theorem
Proof. Through out the proof, we will denote byΦ(u1, ..., uk|....) any nonnegative functions
depending on u1, ..., uk and some additional parameters such that when these parameters are
fixed,
lim
u1,...,uk→0
Φ(u1, ..., uk|...) = 0.
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According to theorem 1, (Xq, q) is a metric cone. Say (Xq, q) = (Σ ×r2 R+, q). We may
assume (Nni , qi) pointed converges in the Gromov-Hausdorff sense to (Xq, q), where (Nni , qi)
are Ka¨hler, with Ric(Ni) ≥ − 1i and the volume is noncollapsed. Consider the geodesic
annulus Ai = B(qi, 10)\B(qi, 13 ). By results in [2] (explicitly, Corollary 4.42, Lemma 4.45,
Proposition 4.50, Proposition 4.82), there exist smooth functions ρi on Ni so that
(1)
∫
Ai
|∇ρi − ∇12r
2
i |2 + |∇2ρi − gi|2 < Φ(
1
i
);
(2) |∇ρi| ≤ C1(n), |ρi −
r2i
2
| < Φ(1
i
)
in Ai. Define
(3) Xi = J∇ρi
and let σi,t be the diffeomorphism generated by Xi. Clearly, σi,t preserves the level set of
ρi. Let x ∈ B(qi, 7)\B(qi, 4). Define functions
(4) F(x, t) =
∫
B(x, 12 )
∫
B(x, 12 )
|d(y, z) − d(σi,t(y), σi,t(z))|2dσ∗i,tvol(y)dσ∗i,tvol(z),
(5) G(x, t) =
∫
B(x, 12 )
∫
B(x, 12 )
|d(y, z) − d(σi,t(y), σi,t(z))|2dvol(y)dvol(z).
Here σ∗i,tvol is the pull back volume form. |t| ≤ 110C1(n) , where C1(n) appears in (2).
Claim 1. For |t| ≤ 110C1(n) and y, z ∈ B(x, 12 ), σi,t(y) ∈ B(x, 23 ). In particular, if l is a shortest
geodesic connecting σi,t(y) and σi,t(z), then l ⊂ B(x, 2) ⊂ Ai.
Proof. We have | dσi,t(y)dt | = |Xi(σi,t(y))| ≤ C1(n). By a direct integration, we obtain the first
conclusion. The second one follows from the triangle inequality. 
Claim 2. Given t, y, z as in the last claim, let l be the shortest geodesic connecting σi,t(y)
andσi,t(z). Supposeσi,t(y) is not on the cut locus ofσi,t(z), then d(d(σi,t(y),σi,t(z)))dt =
∫
l〈∇eXi, e〉ds,
where e is the unit tangent vector of l.
Proof. This is an easy consequence of the first variation of arc length. 
From the definition of Lie derivative, we have
dσ∗i,tvol(y)
dt = divXi(σi,t(y))σ
∗
i,tvol(y) =
∑
k
〈∇ek Xi, ek〉σ∗i,tvol(y),
where ek is an orthonormal frame at σi,t(y).
Claim 3. Define a symmetric tensor T jl = 〈∇e j Xi, el〉 + 〈∇el Xi, e j〉. Then
∫
Ai
|T jl| ≤ Φ( 1i ).
In particular,
∫
Ai
|divXi| ≤ Φ( 1i ).
Proof. As J is parallel, the proof follows from (1), (3) and the Cauchy-Schwarz inequality.

Claim 4. Let Ω be any measurable subset of B(x, 12 ), then |σ∗i,tvol(Ω)− vol(Ω)| < Φ( 1i ) for
|t| ≤ 110C1(n) .
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Proof. By claim 1, σi,t(B(x, 12 )) ⊂ Ai.
(6)
|σ∗i,tvol(Ω) − vol(Ω)| = |
∫ t
0
dσ∗i,svol(Ω)
ds ds| ≤
∫ t
0
|
dσ∗i,svol(Ω)
ds |ds
≤
∫ t
0
∫
Ω
|divXi(σi,s(y))|σ∗i,svol(y)ds ≤
∫ t
0
∫
Ai
|divXi(y)|dyds ≤ tΦ(1i ).

Recall the segment inequality of Cheeger-Colding [2]:
Proposition 1. Let (Ym, g) be a Riemannian manifold with Ric ≥ −(m − 1)g. Let A1, A2 ⊂
Ym be open sets such that any minimal geodesic joining A1, A2 is contained in an open
set W. Let D = sup
y1∈A1,y2∈A2
d(y1, y2) and e be a nonnegative function defined on W. Then
∫
A1×A2
∫ y1,y2
0 e(γy1,y2)ds ≤ C(m, D)(vol(A1)+vol(A2))
∫
W e. Here γy1,y2 is a minimal geodesic
connecting y1, y2; C(m, D) is a positive constant depending only on m, D.
Now we define a function
(7) u(y, z, t) = |d(y, z) − d(σi,t(y), σi,t(z))|.
Proposition 2. In (5), G(x, t) ≤ Φ( 1i ) for |t| ≤ 110C1(n) .
Proof. By triangle inequality, u(y, z, t) ≤ 3.
(8)
|dF(x, t)dt | ≤ 6
∫
B(x, 12 )
∫
B(x, 12 )
∫
l
|〈∇eXi, e〉|dsdσ∗i,tvol(y)dσ∗i,tvol(z)
+ 9
∫
B(x, 12 )
∫
B(x, 12 )
|divXi(σi,t(y))|dσ∗i,tvol(y)dσ∗i,tvol(z)
+ 9
∫
B(x, 12 )
∫
B(x, 12 )
|divXi(σi,t(z))|dσ∗i,tvol(y)dσ∗i,tvol(z)
≤ C(n)(vol(Ai)
∫
Ai
|T jl| + vol(Ai)
∫
Ai
|divXi|)
≤ Φ(1
i
).
In the inequality above, we applied claim 1, claim 2 and claim 3 and proposition 1. As
F(x, 0) = 0, we obtain that
(9) F(x, t) ≤ Φ(1
i
).
Given a > 0, let
E = {(y, z) ∈ B(x, 1
2
) × B(x, 1
2
)|u2(y, z, t) ≥ √a}.
According to (4) and (9), when i is large,
(σ∗i,tvol × σ∗i,tvol)(E) ≤
√
a.
By using the same argument as in claim 4, we find
|(σ∗i,tvol × σ∗i,tvol)(E) − (vol × vol)(E)| ≤ Φ(
1
i
).
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Therefore,
(10)
G(x, t) =
∫
E
u2(y, z, t) +
∫
B(x, 12 )×B(x, 12 )\E
u2(y, z, t)
≤ 9(Φ(1
i
) + √a) + vol(B(x, 1
2
))2 √a.
This completes the proof of proposition 2. 
Let ǫ, δ > 0 be small numbers to be determined later. For fixed t and any point y ∈
B(x, 12 ), define Ky = {z ∈ B(x, 12 )|u(y, z) ≤ ǫ} (we have simplified u(x, y, t) as u(x, y)). Also
define Kδ = {y ∈ B(x, 12 )|vol(Ky) ≥ vol(B(x, 12 )) − δ}. According to proposition 2,
(11) vol(Kδ) ≥ vol(B(x, 12)) −Φ(
1
i
).
Thus we can find an ǫ-net x1, ....., xN where N = N(ǫ) such that x j ∈ Kδ; B(x, 12 ) ⊂
∪B(x j, ǫ). Define K = ∩ jKx j . For fixed ǫ, first let δ be sufficiently small, then let i be
sufficiently large. By (11) and the volume comparison, we may assume vol(K) is so close
to vol(B(x, 12 )) that K is ǫ-dense in B(x, 12 ).
Claim 5. For any y, z ∈ K, u(y, z) ≤ 4ǫ.
Proof. Since x1, ....., xN is an ǫ-net, we can find x j with d(x j, y) ≤ ǫ. According to the
assumption, K ⊂ Kx j . Thus u(x j, z) ≤ ǫ, u(x j, y) ≤ ǫ.
(12)
|u(y, z) − u(x j, z)| ≤ |d(y, z) − d(x j, z)| + |d(σi,t(y), σi,t(z) − d(σi,t(x j), σi,t(z))|
≤ d(y, x j) + d(σi,t(y), σi,t(x j))
≤ d(y, x j) + u(y, x j) + d(y, x j) ≤ 3ǫ.
Thus u(y, z) ≤ u(x j, z) + 3ǫ ≤ 4ǫ. 
Claim 5 says σi,t is equicontinuous on K. By taking ǫ → 0, we find that K is getting
denser and denser in B(x, 12 ). Thus we are able to take a convergent subsequence of σi,t
when i → ∞. Note that the convergence is only in the measure sense. Let σt be the limit
of σi,t. According to the construction, σt is a local isometry for small t.
Claim 6. There exists a subsequence of σi,t which converges uniformly in the measure
sense for all t satisfying |t| ≤ 110C1(n) (C1(n) appears in (2)). That is to say, given any
ǫ > 0, η > 0, there exists i0 such that for any i > i0, we can find Ki ⊂ Ai so that for any
x, y ∈ Ki, u(x, y, t) ≤ ǫ and vol(Ki) ≥ vol(Ai) − η for |t| ≤ 110C1(n) .
Proof. Divide [− 110C1(n) , 110C1(n) ] into finitely many subintervals so that the length of each
subinterval is small. Then we can prove that the convergence for the endpoints of each
subinterval. Note that the generating vector field Xi has bounded length. Then the proof
follows from the triangle inequality. 
Corollary 2. For any t1, t2 with |t1|, |t2| ≤ 110C1(n) , σt1 ◦ σt2 = σt2 ◦ σt1 .
Proof. As σi,t is generated by Xi, σi,t1 ◦σi,t2 = σi,t2 ◦σi,t1 . The proof follows from claim 4
and claim 6. 
Let r(x) = d(q, x) on Xq. As r−1[5, 6] is compact in B(q, 7)\B(q, 4), we can cover it
by finitely many small balls B j with radius 12 . Then on each B j we have isometry σ
j
t . By
taking further subsequences, we may assume σ jt coincides on the overlap. Then we glue σ
j
t
together. Say σt is defined on r−1[5, 6]. By (2) and the fact that σi,t preserves ρi, we obtain
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that r−1[5, 6] is invariant under σt. Next we extend the map σt for all t ∈ R. Namely, if
|t| > 110C1(n) , we can write t =
∑
j t j where |t j| ≤ 110C1(n) for each j. Define σt = σt1 ◦ · · · ◦σt j .
By corollary 2, σt is well defined.
Claim 7. In r−1[5, 6], σt commutes with the homothety map λs : (u, r) → (u, esr). Here
u is in the cross section Σ, s ∈ R. Moreover, σt is an isometry on the cross section of the
metric cone.
Proof. Obviously σt is an local isometry in r−1[5, 6]. By the relation between the distance
function on Σ and Xq, we obtain that σt is a local isometry on the cross section Σ for fixed
r. A simple argument implies that the distance function on Σ is nonincreasing under the
map σt. As σt is a homeomorphism on Σ (it has an inverse σ−t), σt must be an isometry
on Σ for each r. Next we prove that σt commutes with the homothety map. It suffices
to prove this for small t and s. For u ∈ Σ, let σt(u, r) = (ut,r, r). We only need to prove
that ut,r is independent of r. As t and s are small, d((u, r), (u, esr)) is small. Hence, by the
local isometry of σt, |es −1|r = d((u, r), (u, esr)) = d((ut,r, r), (ut,esr, esr)) ≥ |es −1|r. By the
distance formula for the warped product metric, ut,r = ut,esr. This proves the commutativity.

By claim 7 and the distance formula for warped product metric, we easily extend σt as
an isometry on Xq which commutes with the homothety map.
Next we prove that σt is locally free on Xq\q. As σt is isomorphic to R, it suffices to
prove that σt has no common fixed point except the vertex q. We argue by contradiction.
Without loss of generality, assume σt(x) = x for all t ∈ R, where 5 < r(x) < 6. Consider a
tangent cone at x, say Rk × W. Here W is a metric cone without Euclidean factor. Let us
assume the vetex of Rk × W is (0k,w∗). As Xq is a metric cone, k ≥ 1. In fact, by theorem
9.1 in [6], k must be even.
Let ǫ > 0, δ > 0 be very small fixed constants and N be a very large constant so that Nǫ
is still very small. Say take N = 1√
ǫ
. We may assume
dGH(B(x, Nǫ), BRk×W ((0k,w∗), Nǫ)) ≤
δǫ
20 .
Recall (Ni, qi) → (Xq, q) which is considered in the beginning of this section. Take xi ∈ Ni
with xi → x. Then, for all large i,
dGH(B(xi, Nǫ), BRk×W ((0k,w∗), Nǫ)) ≤
δǫ
10 .
Note that 5 ≤ ri(xi) := d(xi, qi) ≤ 6.
Let Fi be the scale map B(xi, Nǫ, gi) → B(yi, N, 1ǫ2 gi). For notational convenience, we
simplify B(yi, N, 1ǫ2 gi) as B(yi, N). Then
(13) dGH(B(yi, N), BRk×W ((0k,w∗), N)) ≤ δ.
Recall Xi = J∇ρi. Define
Yi =
ǫ
ri(xi) (Fi)∗Xi
in B(yi, 10). By (2),
(14) |Yi| ≤ C1(n).
Note ǫ is independent of i. Then by (1) and the volume comparison,
(15) −
∫
B(xi,10ǫ)
|∇ρi − ∇12r
2
i |2 + |∇2ρi − gi|2 < Φ(
1
i
|ǫ).
8 GANG LIU
Thus
−
∫
B(xi,10ǫ)
||Xi| − ri(xi)| ≤ 20ǫ,−
∫
B(xi,10ǫ)
|∇Xi|2 ≤ 4n.
Therefore
(16) −
∫
B(yi,10)
||Yi| − 1| ≤ 20ǫ,−
∫
B(yi,10)
|∇Yi|2 ≤ 4nǫ2.
We need two lemmas in [6]:
Lemma 2. [Lemma 9.5] Let V be an open subset of a complete manifold M. Let λ > 0
be the smallest nonzero eigenvalue of Laplacian on V with Dirichlet boundary conditions.
Let h : V → R be Lipschitz and let v be a vector field on V such that
(17) sup
V
|h| ≤ c;−
∫
V
|∇h − v|2 ≤ ˜δ2;−
∫
V
|divv| ≤ ˜δ.
Then if b denotes the harmonic function such that b|∂V = h|∂V ,
(18) −
∫
V
|∇h − ∇b|2 ≤ (4c + ˜δ)˜δ;−
∫
V
(h − b)2 ≤ (4c + ˜δ)˜δλ−1.
Lemma 3. [Lemma 9.14] Let Mn be a Riemannian manifold with RicMn ≥ −(n − 1)ǫ˜2,
m ∈ M. Let v be a vector field on M so that
(19) sup
B(m,1)
|v| ≤ c;−
∫
B(m,1)
|∇v|2 ≤ ˜δ2; (1 − ˜δ)vol(B(m, 1))
vol(B(m, 1)) ≤
vol(B(m, 2))
vol(B(m, 2)) .
Here m is a point in the complete simply connected space form Mn with constant curvature
−ǫ˜2. Then there exists h : B(m, 1) → R so that
(20) sup
B(m,1)
|h| ≤ c(n, c);−
∫
B(m,1)
|∇h − v|2 ≤ Φ(ǫ˜, ˜δ|n, c).
We apply lemma 3 to B(yi, 10) and the vector field Yi. That is, take m = yi and v = Yi.
Note the radii are different, but this does not affect the proof of the lemma. (13) and the
volume convergence theorem of Colding [1] imply the last condition in (19). (14) and (16)
imply the first two conditions of (19). Then we apply lemma 2: take V = B(yi, 10), v = Yi
while h is given by lemma 3. Note that in this case, λ has a positive lower bound which
depends only on n.
(20) implies that |h| is bounded by c(n). By the construction of b in lemma 2, |b| is also
bounded by c(n). Then Cheng-Yau gradient estimate [11] implies
(21) |∇b| ≤ c1(n)
in B(yi, 5). (17) and (18) imply
(22) −
∫
B(yi,10)
|Yi − ∇b|2 ≤ Φ(ǫ, δ, 1i ).
Note that the right hand side is not going to 0 as i → ∞, since ǫ, δ are fixed. Then (22) and
(16) imply
(23) −
∫
B(yi,10)
|〈∇b, Yi〉 − 1| ≤ Φ(ǫ, δ, 1i ).
Let σi,t be the flow generated by Yi in B(yi, 5) for |t| ≤ 110C1(n) . Let 1 > τ > 0 be a small
number, to be determined later. Define
Ui = {z ∈ B(yi, τ)|σi, 110C1(n) (z) ∈ B(yi, 2τ)}.
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Recall yi = Fi(xi) and xi → x. According to claim 6 and the assumption that σt(x) = x,
(24) vol(Ui) ≥ vol(B(yi, τ)) −Φ(1i |τ).
Define
h(i, t) =
∫
z∈B(yi,τ)
|b(z) + t − b(σi,t(z))|2dσ∗i,tvol(z),
for |t| ≤ 110C1(n) . One the one hand,
(25)
|dhdt | ≤ C
∫
z∈B(yi,τ)
|〈∇b, Yi〉σi,t(z) − 1|dσ∗i,tvol(z) + C
∫
z∈B(yi,τ)
|dσ
∗
i,tvol(z)
dt |
≤ Φ(ǫ, 1
i
, δ).
In (25), we have used (23) and similar arguments as in claim 4. Note h(i, 0) = 0. This
proves
(26) |h(i, 1
10C1(n) )| < Φ(ǫ,
1
i
, δ).
On the other hand, if τ ≤ 1400c1(n)C1(n) , (21) implies that |b(z1) − b(z2)| ≤ 1100C1(n) for
z1, z2 ∈ B(yi, 2τ). Therefore
(27)
h(i, 1
10C1(n) ) ≥
∫
Ui
|b(z) + 1
10C1(n) − b(σi, 110C1(n) (z))|
2dσ∗i, 110C1(n)
vol(z)
≥ 1
20C1(n)
∫
Ui
dσ∗i, 110C1(n)
vol(z)
≥ 1
20C1(n) (vol(B(yi, τ)) −Φ(
1
i
, ǫ|τ)).
Here, we have used (24) and similar arguments as in claim 4. Take
τ = min(1, 1
400c1(n)C1(n) ).
If ǫ, δ are sufficiently small, (27) contradicts (26).
The proof of theorem 2 is complete.

4. Applications to complete Ka¨hler manifolds with nonnegative bisectional
curvature
In this section we study the limit of analytic functions on Gromov-Hausdorff limit of
Ka¨hler manifolds with nonnegative bisectional curvature. This topic has recently been
studied in papers [16]-[20]. First recall some definitions and results in [16].
On a Ka¨hler manifold Mn, a holomorphic function f ∈ Od(M) if | f (x)| ≤ c(r(x) + 1)d.
Here r(x) is the distance to a fixed point, c is independent of r.
Definition. Let Mn be a complete Ka¨hler manifold and f ∈ O(M). The order at infinity
is defined by lim
r→∞
log M f (r)
log r , where r is the distance to a fixed point p on M, M f (r) is the
maximal modulus of f on B(p, r).
Remark. Note that Colding and Minicozzi made a similar definition for harmonic func-
tions over a metric cone (Definition 1.32, [9]).
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Proposition 3 (Corollary 3, [16]). Let Mn be a complete Ka¨hler manifold with nonnegative
holomorphic sectional curvature. If f ∈ Od+ǫ(M) for any ǫ > 0. Then f ∈ Od(M).
Let (M, g) be a complete Ka¨hler manifold with nonnegative bisectional curvature. As-
sume f is a nonconstant holomorphic function of polynomial growth on M. Let d < ∞
is the order of f at infinity (note d might not be an integer). According to the proposition
above, f ∈ Od(M).
We further assume Mn is of maximal volume growth. Note this holds automatically
when the universal cover does not split as a product. See theorem 2 in [17]. Fix a point
p ∈ M. Consider a tangent cone at infinity (M∞, g∞, p∞) which is the Gromov-Hausdorff
limit of (Mi, gi, pi) = (M, r−2i g, p)(ri → ∞). Define a rescaled function
(28) fi(x) = f (x)M f (ri) .
Then sup | fi(x)| = 1 for x ∈ B(p, ri).
Proposition 4 (Theorem 2, [16]). Let M be a complete Ka¨hler manifold with nonnegative
holomorphic sectional curvature. Then log M f (r) is convex in terms of log r. Therefore,
M f (kr)
M f (r) is monotonic increasing for k > 1. If f ∈ Od(M), then
M f (r)
rd
is nonincreasing.
By this proposition,
(29) | fi(x)| ≤ (2k)d
on B(p, 2kri) for k > 1. By Cheng-Yau’s gradient estimate [11],
(30) |∇gi fi(x)| ≤ a(n)kd−1
on B(p, kri). Thus there exists a subsequence of fi converging to f∞ uniformly on each
compact set on M∞. By theorem 1, M∞ is a metric cone, say M∞ = Σ ×r2 R+ with vertex
p∞. Denote points on M∞ by (u, r) where u ∈ Σ, r ≥ 0.
Proposition 5. f∞ is a homogeneous function of degree d. That is,
(31) f∞(u, esr) = eds f∞(u, r).
Proof. By the proposition above, for any k > 1, M f (kr)M f (r) is monotonic increasing. Since
d = lim
r→∞
log M f (r)
log r ,
lim
r→∞
M f (kr)
M f (r) = k
d.
Let M f∞ (r) be the maximal modulus of f∞ on B(p∞, r). Then for any r1 > r2 > 0,
M f∞ (r1)
M f∞ (r2)
= lim
i→∞
M f (r1ri)
M f (r2ri) =
rd1
rd2
.
Since M f∞ (1) = 1,
(32) M f∞ (r) = rd.
fi are harmonic functions. By Lemma 1, f∞ is harmonic on C(Σ). Also it is of polyno-
mial growth. It is easy to see that the (2n−1) dimensional Hausdorffmeasure on Σ satisfies
the volume doubling property and the weak Poincare inequality. See lemma 4.3 in [12] for
a proof. Also, one can directly check that Σ is ν-rectifiable. Therefore, we have a Laplacian
operator on Σ.
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On the metric cone C(Σ), there is a decomposition formula (see [13][12]).
(33) ∆u = −∂
2u
∂r2
− 2n − 1
r
∂u
∂r
+
1
r2
∆Σu.
Therefore, if φi is the i-th eigenfunction of ∆Σ with eigenvalue λi, then rαiφi(x) is harmonic.
Here
(34) λi = αi(2n + αi − 2).
We normalize so that −
∫
Σ
|φi|2 = 1. For any harmonic function (complex function) u on X,
we can write (see [8][13])
(35) u =
∞∑
i=0
cir
αiφi.
Here ci are complex constants. Define I(r) = 1Vol(∂B(p∞ ,r))
∫
∂B(p∞,r) |u|
2
. Then
I(r) =
∞∑
i=0
|ci|2r2αi .
This implies that if u is of polynomial growth on C(Σ), there are only finitely many terms
in (35).
Claim 8. f∞ = rdφ for some φ on Σ with ∆Σφ = d(2n + d − 2)φ.
Proof. Since f∞ is harmonic, by (35) and (32), if r → 0, we find αi ≥ d for all i. If r → ∞,
we find αi ≤ d for all i. 
The proof of the proposition is complete. 
According to theorem 2, there exist isometries σt on M∞. The next result states the
behavior of f∞ under σt.
Proposition 6. Let Mn, Mni , M∞ be stated as above. Then f∞(σt(x)) = e
√
−1dt f∞(x) for any
x ∈ M∞ and t ∈ R.
Proof. We may assume x , p∞, otherwise the conclusion is obvious, as f (p∞) = 0. As
regular points are dense on M∞ and σt preserves regular points (isometry), we can also
assume x is a regular point. It suffices to prove that for any sequence t j → 0, there exists a
subsequence so that
(36) lim
j→∞
f∞(σt j (x)) − f∞(x)
t j
=
√
−1d f∞(x).
We further assume r(x) = 1 (the general case follows from a rescaling). Define
(37) (N′j, g′j, x′j) = (M∞, t−2j g∞, x).
Then (N′j, g′j, x′j) converges to (R2n, 0) in the pointed Gromov-Hausdorff sense. Recall
(Mi, gi, pi) pointed converges to (M∞, g∞, p∞). Take a function N → N: i = i( j) which is
increasing sufficiently fast. Consider points x′′i ∈ Mi converging to x ∈ M∞, define
(38) (N j, g j, x j) = (Mi( j), t−2j gi( j), x′′i( j)).
We may assume
(39) dGH(BN j(x j, K j), BN′j(x′j, K j)) ≤
1
K j
,
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where K j is a sequence going to infinity. Thus (N j, g j, x j) pointed converges to (R2n, 0).
Note f j := fi( j) are holomorphic functions on N j.
According to [2], for any R > 0, there exist harmonic functions b1, ..., b2n on B(x j, 3R)
such that
(40) −
∫
B(x j,2R)
2n∑
k=1
|∇(∇bk)|2 +
∑
k,l
|〈∇bk,∇bl〉 − δkl|2 ≤ Φ(1i |R, n);
(41) |∇bk | ≤ C1(n)
on B(x j, 2R). According to equation (9.25) and the first paragraph of page 912 in [6], we
may also assume
(42) −
∫
B(x j,R)
|J∇b2s−1 − ∇b2s|2 ≤ Φ(1i |n,R)
for 1 ≤ s ≤ n. By taking R → ∞ and a diagonal subsequence argument, we can define a
linear complex structure on the limit space R2n:
(43) J∇b2s−1 = ∇b2s, J∇b2s = −∇b2s−1
for 1 ≤ s ≤ n. In this way, we identify R2n with Cn. On N j, define
(44) h j(y) =
f j(y) − f j(x j)
t j
.
By the local bound of f j and the gradient estimate (29), (30), h j are local Lipchitz functions
on N j:
(45) |∇h j| ≤ c(n), h j(x j) = 0
in B(x j, 110t j ). Arzela-Ascoli theorem implies that a subsequence of h j converges uniformly
in each compact set to a Lipchitz function h on Cn.
Claim 9. h is complex linear on Cn with h(0) = 0.
Proof. By (44) and that (N j, g j, x j) pointed converges to (R2n, 0) = (Cn, 0), h(0) = 0. As h
is Lipchitz, it suffices to prove h is holomorphic on Cn. The proof of this fact is contained
in lemma 4 in [17]. 
Recall the function ρi appeared in (1). To continue the proof, we consider the flow λi(t)
on Mi generated by ∇ρi. For simplicity, we only consider the flow in Bi = B(pi, 2)\B(pi, 12 )
and |t| ≤ 110C1(n) (C1(n) appears in (2)).
Claim 10. Let Ω be any measurable subset of Bi, then |λi(t)∗vol(Ω) − e2ntvol(Ω)| < Φ( 1i )
for |t| ≤ 110C1(n) .
Proof. By (1) and similar arguments as in lemma 4, we see | dλi(t)∗vol(Ω)dt − 2nλi(t)∗vol(Ω)| <
Φ( 1i ). Then the proof follows from integral estimate.

Lemma 4. For y ∈ Bi and |t| ≤ 110C1(n) , limi→∞(ri(λi(t, y)) − e
tri(y)) = 0 in the measure sense.
Here ri(y) = d(pi, y).
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Proof. Define
Hi(t) =
∫
Bi
|ρi(λi(t, y)) − e2tρi(y)|2dy.
By (2), ρi − 12 r2i → 0 as i → ∞. It suffices to prove that
lim
i→∞
Hi(t) = 0.
As ρi(λi(t, y)) is bounded for |t| ≤ 110 and y ∈ Bi, there exists a constant C so that
(46)
|dHidt | ≤ C
∫
Bi
||∇ρi(λi(t, y))|2 − 2e2tρi(y)|dy
≤ C2H
1
2
i (vol(Bi))
1
2 +C
∫
Bi
||∇ρi(λi(t, y))|2 − 2ρi(λi(t, y))|dy.
With (1) and (2), one can easily show that∫
Bi
||∇ρi(λi(t, y))|2 − 2ρi(λi(t, y))|dλi(t)∗vol(y) < Φ(1i ).
Then by claim 10 and similar arguments between (9) and (10),∫
Bi
||∇ρi(λi(t, y))|2 − 2ρi(λi(t, y))|dy < Φ(1i ).
Note this is the last term of (46). ODE arguments give the proof. 
Claim 11. For y ∈ Bi and |t| ≤ 110C1(n) , limi→∞(d(λi(t, y), y) − |e
t − 1|ri(y)) ≤ 0 in the measure
sense.
Proof. We use similar arguments as in lemma 2.1, step 2 in [15].
(47)
∫
Bi
∫ t
0
||∇ρi(λi(s, y))| − es
√
2ρi(y)|dsdy =
∫ t
0
∫
Bi
||∇ρi(λi(s, y))| − es
√
2ρi(y)|dyds
≤ 4
∫ t
0
∫
Bi
||∇ρi(λi(s, y))|2 − 2e2sρi(y)|dyds
< Φ(1
i
).
In the equation, we used that et
√
2ρi(y) → etri(y) > 14 and (46). Note that the length of the
curve λi(s, y) for s ∈ [0, t] ([t, 0] if t ≤ 0) is
∫ t
0 |∇ρi(λi(s, y))|ds. Thus the proof of the claim
easily follows by integration. 
Proposition 7. As i → ∞, λi(t) converges to λ(t) in the measure sense. Here λ(t)(u, r) =
(u, etr), the gradient flow of r22 on M∞.
Proof. In view of the distance formula on M∞, the proposition is a consequence of lemma
4 and claim 11. 
Let F j be the rescale map from (Mi( j), gi( j), x′′i( j)) to (N j, g j, x j). On N j, define vector
fields
V j = t j(F j)∗∇ρi( j),W j = t j(F j)∗J∇ρi( j).
Given any R > 0, if i( j) is increasing sufficiently fast, by similar arguments as in (15), we
find
(48) −
∫
B(x′′i( j),Rt j)
|∇ρi( j) − ∇12 r
2
i( j)|2 + |∇2ρi( j) − gi( j)|2 < Φ(
1
j |R).
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Recall r(x) = 1, hence on Mi( j), ri( j)(x′′i( j)) → 1. Thus similar as (16),
(49) −
∫
B(x j,R)
||V j| − 1| + |∇V j|2 + ||W j| − 1| + |∇W j|2 ≤ Φ(1j |R, n).
Note JV j = W j on N j. By similar arguments as in (22) and (42), we obtain functions
b jk(k = 1, .., 2n) on B(x j, 2R) satisfying (42) and
(50)
∫
B(x j,R)
|V j −∇b j1|2 + |W j −∇b
j
2|2 +
2n∑
k=1
(|∇2b jk |2 +
∑
1≤k,l≤2n
|〈∇b jk,∇b
j
l 〉 − δkl|2 < Φ(
1
j |R).
As R → ∞, these functions b jk converge in a subsequence to standard real coordinates bk
on Cn which is identified with a tangent cone at x. Below we shall use these coordinates.
Let σ j(t) and λ j(t) be the flows on N j generated by W j and V j.
Lemma 5. In the measure sense, lim
j→∞
(b jk(σ j(t)(p)) − b jk(p) − tδk2) = 0 for p ∈ B(x j, 10).
Similarly, lim
j→∞
(b jk(λ j(t)(p)) − b jk(p) − tδk1) = 0.
Proof. Define K(k, t) =
∫
z∈B(x j,20) |b
j
k(z) + δk2t − b jk(σ j(t)(z))|2d(σ j(t))∗vol(z). Then we can
prove | dKdt | → 0 as in (25). The proof is done by simple integration. 
By (37), (38) and (39), let q j be a pre-image of σt j (x) in N j, given by the Gromov-
Haudorff approximation. In view of claim 6 and lemma 5, we find
(51) q j → (0, 1, 0, ...., 0) ∈ Cn.
Note there is no issue to apply the measured convergence above.
Obviously t j is fixed for each j. Letting i = i( j) increase sufficiently fast, by (38) and
(44), we find
(52) |h j(q j) −
f∞(σt j (x)) − f∞(x)
t j
| → 0.
Similarly, let q′j be the pre-image of λt j (x) in N j. Then proposition 7 and lemma 5 imply
(53) q′j → (1, 0, 0, ..., 0) ∈ Cn
Similar as in (52),
(54) |h j(q′j) −
f∞(λt j (x)) − f∞(x)
t j
| → 0.
By claim 9, (51), (53) and that h j → h uniformly on each compact set,
(55) lim
j→∞
h j(q j) = h(0, 1, ....0) =
√
−1h(1, 0, ....., 0) =
√
−1 lim
j→∞
h j(q′j).
According to (31),
(56) lim
j→∞
f∞(λt j (x)) − f∞(x)
t j
= d f∞(x).
Putting (52), (54), (55) and (56) together, we proved (36). This completes the proof of
proposition 6. 
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Corollary 3. Let Mn be a complete Ka¨hler manifold with nonnegative bisectional curva-
ture and maximal volume growth. Let X = Σ ×r2 R+ be a tangent cone at infinity. Let
E = {q|q is the order at infinity for some f ∈ Od(M), d ≥ 0} and v = dimQ(E ⊗Z Q). Let
Tu(dimension u) be the torus given by the closure of σt in the isometry group of Σ. Then
u ≥ v. In particular, if u = 1, then orders of holomorphic functions with polynomial growth
are rationally related.
Remark. In the standard Cn case, u = v = 1 (Hopf fibration). Consider the case C × N,
where N is conformal to C, with rotationally symmetric metric of nonnegative curvature.
We can also adjust the metric so that π is the order of some f ∈ Od(N) at infinity. In this
case u = 2 = v.
Proof. Let f i(1 ≤ i ≤ m) be holomorphic functions of polynomial growth on M (here
m ∈ N is arbitrary), with orders di at infinity. We assume the limit of these functions on X
are f i∞. According to (31), f i∞ is homogeneous of degree di. Note the limit functions are
not necessarily unique. This does not affect our argument.
Pick p ∈ X so that f i∞(p) , 0 for any i. For t ∈ Tu, define functions gi(t) = f i∞(t(p)).
Write Tu = (e2π
√
−1x1 , ...., e2π
√
−1xu ) for (x1, ..., xu) ∈ Ru. We identify the tangent space of Tu
at e(the identity element) with the tangent space of Ru at the origin. Let l be the geodesic
on Tu given by the image of σt. Let Y be the tangent of l at e. Write Y =
u∑
j=1
a je j, where
ei = (0, 0, .., 0, 1, 0, ..., 0) ∈ TeTu, ai ∈ R. By theorem 6 and that l is dense in Tu, we find
gi(x1, ..., xu) = gi(e)exp(
√
−1
u∑
j=1
bi jx j).
Here bi j = 2πki j for ki j ∈ Z. Restricting gi on l, we find
di = 2π
u∑
j=1
ki ja j.
This completes the proof of the corollary.

Corollary 4. Given the notations and assumptions as in corollary 3, let w be the dimension
of the isometry group of Σ. Then w ≥ v.
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